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Schecluling Peacetime Rotation of Pakistan Ai iny Ihiits 

l\ l)('II. Nn\al Poslgrn<lii;ilr S( li(K)| 

irw lirirfl ] ]. Kosc'iil li;il . NnvnI I\)slgra<liuil<' S< Iiool 
Slinf(jnl Haig, J^akislaii Aniiy 



A bst ract 

,V///rr l^alnsfd)) has lun’i/nn} cUuiafiS ami Imams, llu IhiLisfan Annij }’n- 
Idles ils vails hriwfca ])(arelian local ions so lhal an nail nnluKs nn (finlahlr 
hardship nr fajoi/s an fail' ad raalarp . A nay policy sperijifs sln(l rnasi iv inis 
on anil rolalinns, snrh as lln hnylh of a nairs slai/ in any Inrahna, Ihf 
vnwhrr of vails lanriay al any Hwr, and Ihr allmrahlf r( p!a( ( an a! s fm any 
lanviay vail. Srhrd nlmy iolalwns waanally iv accnnhincr mill llnsi rnhs, 
as is rvrrrally prarlicrd, is r.rlnwfhj difjicvll and I nm -( nnsnanny. Tins pa- 
per preseals aa ivleyc i' proyivanainy wodd lhal fiads jf nsihh , wmianna-rosl 
srhedvies for lh( f^alnslaa AianTs df sired planainy honrnns. The modi I also 
easinrs lhal lln vails an pnsilwmd al Ihr end of lln planniay horizon so 
lhal frasihle schedules r .risi foi’ fnl nrr plaaarrs. Ihf aiodrl is na])lenn al f d 
mill cowwrrcially arailahh opi mnzal loa sofhraie. S('lndnlfs art nhlannd 
for realislic l(sl prohleias m hss lhaa aa hour on a pi rsoaal com pnl ( 



Hie l^akislaii Arm\ pcarctinu' rolatioii |)rol)lcm, as (k'srrilx'^l in IIh' ak 
si 1 act, was chosen hy t’olonel ]kiig as a research topic for a inasp'is thesis. 
JJaig [I9!)2], direct eel by his (o aut hors. 1I(' received guidance on piohh'iii (\c{ 
inition from Brigadier Cleneral llaroon Bashir Khan, who was I Ik'u s('i \ iiig as 
the y\rmy Attache at t.lie I^akistan khiibassy in W^ishingtoii. The iikhK'I pie- 
senled in this paper ca])t.iires all aspect, s of the ])eacetime I'otation problem 
as described by t.lie geneiab 

The ])eac(M.ime rotation problem is a imicpie schediiling/t imc't abling 
problem. It, shares t he di\ ersily and large number of const I'aint s typically 



foiiiul in l.lic consi.rtirl ion of sport srhrdnlos. (/>’.//., sec Aiidnu' and Coi-oini- 
nas [1989] for ilir 1992 SnnniK’V Olyinpir Oainos, Slu'll [l9Sn] for t.lu' Na- 
tional Basketball Association, (krin [1977] and Sludl [1985] for Major b('agne 
Bas(d)all, and Frrland and l‘d(Mireni. [1991] for the National Iloek(\y League). 
However, I he peacetime rotation problem has relai i\'ely lew ('V('iii s compared 
to the hundreds or thonsands of games that make up a typical sports scIkmI- 
nlr. An exact ])rocednre is therefore undertaken in this paptn- inst('ad of 
I. lie heuristic ]irocedures nsed snccessfnily for large scale liinelabling |)rol> 
leins Carter [19SG]. TIk' following sections iires('iit.: I) policic's defining tlu' 
|)robleni, 2) the integer programming forimdat-ion, 2) mod(‘l refiiK'UK'nt.s lor 
increased t ractability, computational expei ic'nce, and 5) < ()nclnsions. 

1 Pakistan Army Peacetime Rotation Policies 

1 he Bakist.an Army classifies military locations into Bc'ace Au'as (By\s), Senni 
Hard Areas (SHAs) and Hard y\ieas (IIAs). ddns classific'al ion ax'connts 
for Pakistan’s diverse terrain, langing from desert, t.o lofty nunint.ains, and 
tem|)eratnres, ranging from ludow lieezing to above' 10 (h'grees (k'lsins. The 
geographie' classihcat ions also account, for available' facility's at t.lu' loe at ions 
and the proximit.y t.o ma jor nu't ropolit an are'as. To ('iisiire' t hat pe'rsoniK'l 
S('i v(' eepially in all tlii('(' arc'as, unit pe'rsoniK'l are rotat.e'd Ix'twee'ii locations 
during |ieacetime on a rcgnlai' basis. 

M dit. ary unit s i n t lu' Paldstan A riny are' classi fu'd in tliK'e' ways: ae'cording 
to t heir oprraiional vo\c (st rike' e)i defensive), ace-e)rding t.o t heir /// 7 ;c/?e/;e;/ 
role (y\rmor, Artille'ry, ICngiiu'e'rs, Infantry, Signals, Sn])|)ly, ('t.e*), anel ae*- 
cording to whether their e'e|iiipment is supplied lyy k^.a.ste'rn e)r Western ble)C 
nat ions. (See' Colie'n [1981] le)i- I he' re>|('s e)f ihe loast, a nd West in e'epiipping t he' 
Pakistan Army.) Separating the units into elistinct e’ategories base'el ou these 
three att,rihntes simplifie's snbse’einent. mat hemat.ie’al analysis ami is nsehd for 
elucidating rotation i)olicy. 
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The Gonoral llra(l(|nni irrs ol llir Pakistan Army lias rstahlislK'd lotalioii 
polirirs, whose salicnil frahirc's au' as follows. 

1. A unit ran nio\*c‘ only if u'plarrd by a unit of tiu' sanu' rategorw u( .^ 

having the sanir opcralional and fmirtional roles, and opcnatiiig the 

same type of e(|uipm<nil . This K'snlts in a nat ni al division of I he os erall 
problem into se|)aral (' rotation piobk'ins foi f'a.rli rategoiy. d h(' largest 
category, currently, has <S7 units. 

2. If a unit at location A mn\es to location IT IIk'ii a unit of the same 

category at location P must nio\^(' to location y\ in the sanu' year. 

This policy, refena'd to as u)]ihml rcpiacrwi ui , simplifies transh'i of 
operational and administ i at i\’e i ('sponsibilitic's at Ixdh lorations. 

3. Ivcjuipmcnt does not mo\ e, only personnel do. 

T No more than one unit can mo\e from t-he same biigade in the same 
ycvar. A brigade is compos( d of thiee units of t.he same categoiy. 

5. Some units (smdi as Ihigineers, Signals, l^econnaissance and Sup))ort 
Hattalions) do not b(dong to a brigade. They fall iiinhu direct, control 
of a l)i\’isi(ni. Theif' can Ix' no nune than one of these units nio\nng 
from t.he same location in the same yc^v. 

f). ICacli unit's tenure reqniiement varies by location classiticat icm as fol- 
lows: 

• IVace Area (PA) 5 7 yea.is. 

• Semi-IIard Area (SllA) 2-1 years, 

• Hard Area (HA) 1-3 years. 

7. An indi\ndual unit must, rotate according to tIu' cy( k' of lo( ations: 

PA — ^ SHA PA — > H/\ -> PA. as shown in I'igure I. 




Figure 1: Each unit invst rotate through Peace Areas, Sewi-Hard Areas and 
Hard Areas in the indicated order. Alternate Peace in the cycle must 

he different. The length of stay in each location must fall within a prescribed 
range. 

S, There is no restriction placed on which SHA or IIA locations a unit 
visits on its cycle. However, a unit must not return to its previous PA 
location. 

Currently, peacetime rotation schedules are developed manually by plan- 
ners at the General lleadr]iia.i ters of t he Pakistan Army. .A live-year schedule 
is developed on a yearly basis. Due to the large problem size and complex 
policy st ructure, the current method suffers from the following drawbacks: 

• The units may be positioned at the end of the planning horizon in a way 
that precludes fut ure schedules from satisfying the policy constraints. 

• The schedule requires hundreds of man-hours to develop. 

• It is difficult to evaluate proposed policy changes. 

• The schedule may not be developed impartially. 
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• 11ir srhodiile inny iiirin c'X(*('ss cost l)V liansfrrring niiils niorr ollrn nv 
owrgrrairr disl.aiirrs tlian iior('ssaiy. 

ddicsc liiuil ations luotisalrd t lir dovadopnK'nl of an iiiU'gn j>i ogianimiiig 
inodrl to assist with rotation srli('(lnling. 



2 Peacetime Rotation Model 



Our integer programming inodt'l foi the l^akist.an Arinv's p('<H (diinf’ lotatioii 
prol)Irm minimizes (lie total cost associated with all srlu'diiled ino\'es, whih' 
ensuring that, all |'>oli('v constraints are sat.isfied. d'he niod('l is valid lor 
time liorizons up to I5 vf'ars, which satisfic's the Pakistan Auny’s |)laniiing 
recpiirement for five-year I'otation sclierfides. 



• Indices: 

ij' nnit.s, 

/, /' lorat ions, 

/,/' years. 

• (Jiven Data: 



7ni})i 
waxi 
incosi^ii> 
slay, I 

P 

n 



the iiiit.ial location loi unit ?, 
minimum st.ay allowf'd at, location L 
maximum slay allowc'd at location L 
movement cost, for unit ? from / to /', 

number of years unit ; has been at local, ion / at tlu' start ol the 
first, time pei iod, 

set of peace aw'a lo( ations. 

set of hard aia'a locat ions. 



sol. of srini-liard auM locations. 



5 

• Dcvivod SfM.s: TIk' following s('ts arc us(m 1 t.o ('iiloicc' lolalinii policic's. 
ddicir dci'ivaiion is disc)iss('d in s('(lion .‘5. 

^'^11 units cligil)l(' to move from location / to /' in year /, 

l*]lf set. of all |K)ssil)l(' locations fioni wliicli unit. / conld liavc* iiioxed il 
it arrives at location / in yc'ar /, 

l]if set. of all possil)l(' locations to wlnrli unit, i can inov(' il sitnat.c'd at 
locat ion / in year /. 

• Decision \ ai iabK's; 

Xjii'f J if unit ? moves from location / to location /' in yc'ai /, and 0 
otherwise. 

• I'bnnnlat ion: 



niininii7(‘ 




wn)sf,ufX,ii>f 
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Y1 -’'ii'i ~ 1 l=iinlli ( 1 ) 
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Y 1 ' ’I'll ~ ^ -''’ii'i (“) 

E E ■'■’ii'i < 1 V// (3) 
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(II) 



7 / 7 i^srf^r t 



( ’onslrninl, ( 1 ) ('nsiii ^'s (';u li iiiiirs lii si inovr is ( (nn|>l('U’<l wil Inn 1 lu' min 
iiniim and inaxiinnin l,('inir(‘ i ('( jnii ('nu'nl.s al. its inil-ial IcHalion. ( ’oust i aini 
(2) mforrrs t lu' innlnal i ('()la( ('iiK'nl |)()liry. ( V>iisl iainl (2) allows no iium(' 
than onr unit lo inovr fioin llu' sanir localioii in ilu' sanu' yrar. II Iwo 
or nioir hrigadrs liavr I Ik' saiiK' g('ogi apliic al location, I Ins lo( alion is bio 
kc'ii into scparair l)rigad<' lo( alions. Tims, const l aini (2) also cnloK ^'s I Ik' 
rcsliiclion I hat no inoi(» than oik' unit (an move' from the sanu' biigadc. 

( 'oust raint s ( 1) and (h) rout rol I he tf'niiK' rr(|nircm(ml s fnr all inov('s t ak- 
ing place after the first. niov(\ (’oiistraint (1) i(\st. riels the ninnIxM of tinu'S 
a nnit enters locat ion / up to yoar / to be h'ss t han oi (Mjiial to t h(' innnb('i 
of times it leaves t,h(' location np to year / + iiui.ri. ddiesc' (onstraints (misiik' 
that a unit h'aws a location in \('ar / only il it arrived at that lot at ion in an 
a))[>ropriat e earlier year. (They can altf'i iiat i vely be formulated wit h noncii- 
mnlat i v(' im'Cjnahtac'S, but I Ik' cnmnlat i ve form ]>rovides Ix'l.t (')• ( ompnt at ional 
performance.) Constraint (5) Kvpiiies a unit, leaving location / in yt'ai / to 
liave arrived tliere / — wari to / ~ years earlic'i. (’onstraints (1) and 



(T)) rnnnol prrvoiit, a unit fiom moving away from IIk' sanu' local. ion moo' 
tlian onc(' in ilir Iasi, f('W yrai s. ( V>nst,rainl s (G) - (f)) ('liminalc' l.liis prohinn 
\>y allowing rach imif at mosi, ono movo hrtwocn dillrioni au'as dining ilir 
planning horizon (a valid restriction for |)lanning horizons of 15 yc'arsoi* h'ss). 

Constraint (10) prevents a unit, from moving to the same P/\ more than 
once. If the planning horizon is h'ss than seven years, this const laint is 
nnnecessary. 

Const. raint (11) stales the tot al nnmher of moves from 1 1 As to lh\s should 
he e(]iial to I, he total number of moves from SIIy\s t.o PAs. d his const, raint 
heli>s posit.ion units aj)|)ropriat ely at. the end of tlu' planning horizon, as 
discussed further in section 3. 

3 Model Refinement 

Even though we can treat the Pakistan Army's rotation sclu'dnling problem 
with separate models for ea('h operalional/fniut ional aiea, the independent 
models can still l)e f)uit(' laig(\ TIu' largest opn at ional/lnm I ional area has 
87 units spread over 30 locations. St.raight forward application of the prr'- 
ceding model for tlu'se iinit.s over an eight.-year horizon would Kvpiire ovc'r 
000,000 binary variables. I'o! tnnately, characterist ics ol t he policies c an be 
exploited to identify many impossil^le unit, movements and eliminate' tlu' cor- 
responding variables. The transition eligibility i)ara.met.('r 0/7,//'^ ek'hiu'd 
for this purpose. It has \'ahie 1 if and only if unit i is eligible to move from 
location / to /' in year /. d1ie idea is to make this |)aranieter zeio as oftc'ii as 
possible wit, bout sacriticiug model lide'lity or optimality. The sets / 
l\ii defineel in section 2 are ix'adily generated from this ])aranK'ter, 1 1 k' logic 
for deriving OKmn is as follows. 

1. Rotation policies ami tennre limits severely restrict the set of alkwvable 
moves. For example, a unit that has moved from a 1E\ ami has been 
at a PA for three yc'ars can not. possibly move for t wo more yx'ars and 
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llien onl}^ to a SlIA. Sul)sr<|iioiil inovos arc similarly ic^sl rictrd. 1 Ih's(' 
situations arc clolailcd hriow in four (^xliaustivr c ase's. Lc'l r>/M, drnotr 
the current or most rc'cenl PA location foi iinil ; in tlic' initial \c'ar, 

Sfajj = iniii{s/r///, 7 , for the iinitAs initial location /, and Ic't 
denote set exclusion. 

a) If unit 7 is cui rc'iit ly loc at<*d at a PA and |nc'\'ionsly sc'rw'd in a Sll/\, 

I // / G P, /' G 7Y. G < / + Sfdjj < S. 

_l I if leU, /' G {P\0/M,}. 7 < /-I .S7c/// < IJ. 

''"''“I I >f I e {P\or A,], I'es. I2 < / i- s/o// < is. 

(] ol h< !'ir/s( . 



I)) If unit i is currently loratc'd at. a I\\ and |)ic^vioiisl\* sc'i \ed in a HA. 



Ohiuif = 



I ;/ / G r. 

I if I f s. 



r f- s. 



G / -f Sill]/ S. 



r e {P\or\,}. s < / + Shm < 12. 



I ij /e {P\ 0 PA,}. r e h. 

0 olh(ru'ifi(. 



IS < / + Stall < I!). 



r) If unit 7 is niiKMilly lornU’d nl a SII/\. 






if I e S, 
if I e [P\()PA,}. r e H. 
if I G H. r e V, 

ol Ik ririsf . 



/' G {P\()PA,}. :i < / + Siaij < r,. 

8 < / I Shu/ < 1 2. 
!) < / -I Si ail < IG. 



!) 



( 1 ) If iinil ? is niiK'nlly localod al a lly\. 



' I jf I G 'H. r G {P \ or A,}, 2 < / + Sla;i < L 

, , . I ?/ / G { P \ or A,}. I' £S. 7 < / -t Sla,i < I I 

0 h tU*{ ~ \ 

] if I e cS^ /' eV. !) < / 4 Sian < ITi 

0 ()lh( vif'isc . 

Vor a (Iriailed exain])k\ suppose iiuil i is cnrienlly loeaic'd at a VA and 
its old location is a IIA (case 1>). Tliis unit can move to a SllA afliu' 
completing r> to 7 years of stay at the ]^\, so it. is (digihh' to nio\(' only 
when / + Stall is G, 7 or 8 years. The unit's next movo, t,o any PA 
(’xcrpt, OPAf must tako |)lac('2 to 1 yc'ais latc'r, /.f., in oiio of tho y<‘ars 
8 through J2. 

2. The muliial rotation polir'y also hel|)s eliminate many \ai iahles. (’oii- 
sider a unit at kx'at.ion / that is eligible to move to /' in yeai- / after 
exocut ing sto|> 1 . That- nif)v<' can be schedulefl only if a not lu'r unit is (d- 
igible to move from loratioii I' to locat ion / in t he same yoai*. Therefore, 
any 0/\,7/o that was 1 aft('r step 1 is changed to 0 unhxss: 

o/\ > 1 . 

8. We can extend tin' id('a of st,('p 2 t.o subsecpuuit movf's. k'or unit. ; to 
be eligible for a mov(' to hx'at.ioii I' in y('ar /, t.lu'K' must be another 
unit ?' eligible to i(’i)lare unit ? at, location /' betwexm / -} and 

/ + waxi>. I'herefoKx any Oh’mif that, ixunains I aft.('r tlu' first, two 
steps is changed to 0 unless: 

{-\-wnTii 

oi\,'U’i'>r 

rf^n If 
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Nodes in the figure represent units undergoing moves in the indicated gear. 
Edges represent mutual replacement. 

3.1 Conditions for Future Feasibility 

The Pakistan Army neecls to ensure that units are positioned at th(' end 
of the planning horizon so that feasible scherlules exisi. for future planners. 
Sufficient conditions are develop^rl for this purpose. These conditions are 
e.xplaincd with the help of Figure 1. 

Figure 2 shows an indefinitely repeatable rotation schedule tdiat satisfies 
all restrictions of the rotation policy outlined in section 1. This figure con- 
tains 4 PAs, 1 HA, and 1 SIIA locations where each location has one unit. 
The circles contain unit identifiers and the arcs between the circles indicate 
units exchanging locations. For the units initially located at P.\s (1, 2. -3. 
and 6). their last area is shown with il (for HA) or S (for SH.A). 
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ll is possible 1.0 add units in iiinll,i|)los of G (4 FA unit s, I ll/\ iiiiit, I Sll A 
nnil) np i.o tlie iiiaxiiniim of lliK'e at ('arli loration. ICac li G additional units 
(1 at eacli existing loration) ronld b(' feasil)ly added to tli(' abo\(' srhrdiib' 
allowing moves in similar 3 }rar inriement.s st artiiig at y(\'ir I lor the first 
G \uu\,s and at, year 2 for the second G. New locations with units following 
the saiiK' patt^ern conld also be added. 

ddie positioning of units in h ignrc' 2 ol)eys t he following onditions at all 
I imes. 

Condition 1 The total nnmlx'r of units in Fy\s is twice the nniiilxn of units 
in 11 As and Sll/\s. 

Condition 2 The number of units in lIAs and SILAs is e(|iial. 

Condition 3 Half the units in FAs prcn-ionsly servc'd in SIlAs and half ]n('- 
vionsly served in 11 As. 

The three conditions al)o\e are not necessary I.o guarantee the exist, enc(' 
of a feasible solnt.ion in the fntnre. llowexer, as proven in the appendix, if 
the conditions are satisfied for the six years preceding the ciirrcnit horizon 
and are enforced thronghont t lu‘ horizon, t hen fnt nr(' feasibility is gnaraiit ('(xl. 
Unfortnnat.ely, some operat.ional/fnnct ioiial areas have not always conforiiK'd 
to the conditions. Therefore, the test, problems of section 1 are solved with 
const.iaint (11) instead of the more rest rid. ive form of t,h(' constraint 

Z! H 

t i€H I'^r i les i'f.r 

which won 1(1 gn a ran tee h'asibh' rot at, ions in tin* future' with appropriat (' st art - 
ing conditions. Though not, gnarant.ee'd, const. raint, (II) einpirically yic'hh'd 
rotation schednh's wit.h ending conditions that allowc'd fiitiiK' h'asibh' rota- 
tions. 
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4 Computational Experience 



1 hr Pakistan Army ):>rarrl inu' lolalion modrl is iinph'nu'iiU'd in I Ih' ( al 
y\lgrl)raic Modrling Sysirni. (J/\MS, [19^2] and solvrri using \ A [1987] and 
OSij [1991]. All coin|)iil at ional rosnlts air ol)taiiird using a IXfi/:?:! pnsonal 
rom]:)ntrr with 16 mrgahytrs of RAM. Thr goal of our work was t,o dr\(dop 
an ini|)lrnirnt ablr srhrdiil ing inodrl. \Vr hrlirvr oiii rhoi( oof c oiiniK'i rially 
availahlr softwarr and a ixusonal roini)Utri ir|)irsrnts thr Ix'st (liainr of 
iinplrmmt a.t ion for t hr follow ing rrasons: 

1. Thr Pakist.an Aiiii\* ran iinph'iiK'iit thr inodrl loi a irasonahh' cost. 

2. Thr softw'air is stal)l(\ w(dl dornnirnt-f'rh and tin' iisn (an hrncTit Iroin 
fninrr softwarr iinproN'c'nu'nt s. 

2. Softw'arr inaiiitriiain (' < ost is low. 

I. Thr softw’arr is ])oil.al)h' to nrw platforms and o|)riatiiig syst('ins. 

5. yMgrhiair modcdiiig lanioiagf's sinh as (h\MS allow (*as\ modi lie a t ion 
and addition o( const i tii nt s. 

VVr dr\'fdop fdglit, tc'st piohh'iiis as (h'snilx'd in dahh' I. Piohh'in name's 
arc' vagnr and rlata is liy pot hrt i( al loi sc'rm ity rc'asons, l>nt i)iol)l('in si/c's 
ai’(' rrprrsrnt at,i\'r of ac tual Pakistan Army situations. Tin' rompiiting time' 
rc'cpiirc'd for CiAMS to gc'in'ialc' tc'st. prohh’ins is givc'ii in Table' I, A laigc' 
]K)i t.ion of thr (Jy\MS time' w’as takrn dc'iiving thr |)aiamrtc'i OlXjUff, 

y\ll thr trst, inobh'ins satisly Condition 3 of Sc'c I ion 3 foi tin' initial lime' 
prriod. All but, 1N^V\N'^R^‘ I also satisfy (V)nditions I and 2, d in' trst. 
I)ic)blrms arc' all frasiblc'. lOxpc'i inn'iit alion w’ith ot hri stalling ronditions 
oftrn rrsiiltrd in infrasibilit.y. 

Thr trst problrms of I able' I wc'ic' soU'c'd for intc'gc'i solutions with a 
10% optimality tolrvanrr (/.r., trrmination orems wln'ii the' lirst solution 
gnarantrrd within 10% of o|)timal is obt.ainrd), using both tin' Xy\ and OSL 
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I’lohlom r.V|><' 


I’roRF’Ui Si/,(' 


c;ams 

Timo 


( lOII 

(seconds) 


INFANTin' 1 
() y(vn s 
87 iiiiiis 
30 local ions 


2, 502 coiisti a ini s 
12,241 hiiiruy variahU's 
74,571 nonzeios 


.'>;{() 


INFANTRY 2 
0 years 
72 units 
21 locations 


1,590 ronstrainls 
5,710 hinarv variables 
35,037 nonzeros 


2;ui 


AR'I'ILLICKV 

G years 
54 units 
21 locations 


1 , 088 const iTiinl s 
3, 140 binary variables 
18,530 nonzeros 




151 


7 years 
51 units 
21 local ions 


1 , 503 const raint s 
5,203 binary vaiiables 
31,!)07 nonzTUos 




200 


8 years 
54 units 
21 locations 


2, 1 35 const raint. s 
7,828 binary variables 
49,393 non zeros 




258 


ENC: INFERS 
G years 
30 units 
10 locations 


913 const raints 
2, 1 !)3 binary variables 
11,829 nonz('ios 




80 


7 years 
30 units 
19 locations 


1,253 constiaints 
3,121 binary variables 
23,379 nonzenos 




1 If. 


8 years 
30 units 
19 locations 


1,084 const raint s 
4,949 binary variables 
35,430 iK)iizeros 
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Tahir 1: TrsI probirw (Irsn'ijflinn and iiWfhlijnirrdHn}] liujr on a / 
personal compnl(r. 
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Problem Type 
Horizon (Year) 


Sohidoii Time 
secoiuls (solver) 


It erat ions 


INI'ANTKY 1 
/ = 6 


;i,r)7r) (XA) 

2,;5;is (osb) 


57,0111 (XA) 
7,0G2 (OSb) 


INFANTRY 2 
t = G 


l,r)GS (XA) 
152 (OSb) 


2I,G'17 (XA) 
5, 178 (OSb) 


ARTILLFRY 
/ = G 


!)5 (XA) 
17:! (OSb) 


2,510 (XA) 
2, lOG (OSb) 


/ = 7 


G7') (XA) 
211 (OSl.) 


1 TOGO (XA) 
1.008 (OSb) 


/ = 8 


^ (XA) 
155 (OSb) 


■:v (XA) 
5,GI2 (OSb) 


ENGINEERS 
/ = G 


IG5 (XA) 
105 (OSb) 


7,7:!5 (XA) 
1,501 (OSb) 


/ = 7 


2,855 (XA) 
:n 1 (OSb) 


5I,7G0 (XA) 
5,:!81 (OSb) 


/ = 8 


8,!)5I) (XA) 
l,G27 (OSb) 


105,018 (XA) 
11,212 (OSb) 



2: If si Prohinu Sohilini) TiWfs 



solvers. All l.iiniiig paianu’Irrs were l(‘lt. al, llieir delaiill valiK'S. dalde 2 
(lenionslraies iliese result s and Ingldigliis OSl/s sn|)ei ioi |)ei forinaiu e in all 
bill one ease. XA was iina.hh' to soha' the linear |)i()gramniiiig K'laxalion of 
(lie 8-year Artillery prohK'in ap|)arenily dne to cyeling. 

For coin])leteness of the eoni|)nl ai.ional testing, all prol)l('ins were also 
solved t.o optimality (/.r., with i,\\c o|)timality tolerance set. to zero). TIk' 
iiitegralit.y gaj) (dilTerenre betwc'eii the optimal linear and integer program- 
ming ol)jective fiimdion value's) is zero in five of the eight ])K)blems tested 
and less iJian 3% in the ot her cases. l"or the five example's wit h lu) inte^grality 
gap. se)l\’ing with ze'ie) te)l('i ane e' teiok abe)iit the' same' time' as solving with a 
10% tolerance; but t he eithe'r t hre'e' ('xaniph's took signifie a iit ly le)iige'i . Since' 
t,he integrality ga]> was se) smalf the aehleel ce)mpntat ie)iial time for the' zc'ie) 
t,e)lerance yielde'el no ini]>ie)\e'inent in sohit.ion e|nality. Though this be'havior 
cannot be gnaranteeeb we' i('ea)nini('nel using t he 10%^ opt imality toh'rane e' 
(the (iAMS elefanit) for fnt nie instances of this pre)blem. 

5 Conclusion 

C’ompntat ional experiene-e with the' inoeh'l deme)iist rat e'S that optimal unit 
re)t,atie)ns can be elevelopeel for 0 8 year he)iize)iis e)ii a |>ersonal compnt.e'r in 
less than an he)iir, using the' (JAMS mexleling language' anel the' OSb se)l\('i. 
d’he' Pakistan y\riny reepfiK's (i\e' ye'ar rotatie)n se heelnle's foi planning pni*- 
pe)scs, so the 6-8 year se he'elnh's we' ha\-e' e)bt.aine'd are' more' than aeh'einate' 
in sco|)e. The compntatie)n times are' e*onsie|ereel ace'eptabh' anel re|)ie'se'iit a 
significant improvement. e>ve'i I, he' hnnelreels e>f maii-he)nis e-iirve'ntly nse'el in 
sedve the |)re)blem. 

'This we>rk e)ffe'rs se)ine ge'ne'ral le'sse>ns fe)r prae-tie’al a.pplie-at ie)ii e)f e)pti- 
miza.tion inoeleling. 

• Use general pnr|)ose se)ftware when possible. (k)in|>areel to spe'e-iah 
[)iirj)ose algorithms, the ce)sts of elevelopme'nt anel le)ng-term mainte'- 
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nance arc iniicli Io\v(M'. Also, gcMicMal-i^nposc solvers c;in mmli iiioic' 
readil}’ a.daj)! If) ( lian^f's in llio j)i ohif'iii. 

• Using an algel)raie modeling language to gnuM aie I lie iiiodcd fac ili- 
lales rai)id assessnienl of ( ()in|)iil al ional i ra( I ahilily and allows sf'Vfual 
solvers to he tested compel, it i\fdy with minimal fdFoi t . In om (Wjx' 
rience, integer progiamining a|)plicat ions are too varied for any oiu' 
soher (o always out j)f'i lorm the ollu'rs. (IC.g., though XA Inst to OSh 
in t his case, it lias been om j)referrf'd solver in ot lu'i applirat ions. ) 

• When computational efiorl pi ior to optimizal ion isde\-otf'd to I lu' (dim- 
inat ioii of unnecessary \'ai iahh's, t his refinement can oftcni make largf'- 
scale instances of if'al-worhl jirohhmis trac t ahl(\ 

• Mat fiemat ical analysis leacling to achlitional constraints hcwoiid thosf' 
specified \)\ the original piohhnn stateineiit, such as tlu' constraints on 
the ending conditions, can h'ad t,o hetten* solid ions: and, in the' ease' of 
integer programming, earefnily chosen extra constraints often make the 
model easier t,o solve. 
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Appendix 

Theorem If Coiulil ions 1, 2 and 2 of Sod ion 2 aie sali^(i<'(l for six yrais. 
tlioy are siifhcienl to gnaianlo(' a fnlnir frasihir lolalion srlirdnhx 

VnOOV: 

C’oiicliiion 3 slipnlaios llial half llio nnils in IV\s iiuisl lia\e pir\ ionsly 
sorvofl in llAs arul half in SlIAs. This stains is mainlaiiK'd o[i a yomly l>asis 
provided that whenever a unit move's from a 11 A to a P/\, anolln'i unit, nienc's 
from a SlIA lo a PA. The units at llAs and SllAs ean tlieie'foK' 1 k' sepaiatc'd 
into pairings which satisfy oik' of tlu' following three ras('s. 

• I. A unit has l>ee'n at, a 11 A for 1 year and anotlu'i unit has he'e'ii 
at a SIIA for 1 year. 

• ( 'AISlC 2. A unit has Ik'^'h at a II A h>r 2 years and anotiK'r unit has 
been at a SIIA for 2 years. 

• Cy\SE 3. A unit has l)ec'n at a lly\ foi' 3 years and aiudln'i unit has 
been at SIPX foi' 3 yeais. 

It is shown for e'aeli ease' that it is possihh' lor tiu' units at tin' HA and 
SIly\ to feasibly rotate' in t he same ye'ai' wit h a unit cun ('iit ly at a lb\ location. 
y\iiv six units salispung ( ’oiielit ie)iis P 2 aiiel 3 for the last (i yeais and fe'asibly 
rotating can be used. Whlhout los^ e)f ge'iu'rality. the' six units aie' niiml.)e'ie'd 
according io Figure 2 (i.e., unit, 3 is at 1 L\). for clarity, t he' unit ide'iit i(i('is aie 
be)lel faeed. y\lso, as in fdgiiie 2, ye’ai 0 is e’e)nsidered the first ye'ai available' 
to change a unil's location. 

(b\Sls I 

Unit 3 has st aye'd I w'ai at a 1 1 A. This implie's nnii 3 re'plae e'd unit 0. I 
ye'ar ago anel unit G re'plae e'd unit 1 e'illu'i 2, 3 or I ye'ars ago. 

Unit 4 has stayeel 1 year at a Slly\. This im|)lies unit 4 leplaee'd unit 5, 
1 year ago and unit 5 replace'el nnit- 2 eit.her 3, 1 or 5 \e'ars ago. 



P) 



( ion 3 rnsiiK's ilml ('ncli ynn i\ iiiov(' lioni a \\A to a PA occurs, 
a move from a SIIy\ to a VA also occairs. 'nioroforo, \vr lU'C'cl only ronsick'r 
unit 6 (5) replacing nnit 1 (2) cMtlu'r 3 or '1 years ago. 

These conditions ]:n'ovide the following rotation eligil>ilil ies: 

Unit 4 is eligil)le to move in years I, 2 or 3 and Unit 1 is eligihle to replace 
unit 4 in years 2, 3 or 1 if nnit, 1 was replaced 3 years ago, oi in years 1, 2 
or 3 if nnit, 1 was re|)laced 1 years ago. 

Unit 3 is eligible to move in years 0, 1 or 2 and Unit. 2 is eligihle to replace 
unit 3 in years 2, 3 or 4 if nnit. 2 was re])laced 3 years ago, or in years 1, 2 
or 3 if nnit. 2 was replaced 4 years ago. 

Therefore, it is feasible for both unit 3 and unit, 4 to rotate in year 2. 
CASE 2 

Unit, 3 has st ayed 2 years at a II A. This implies unit, 3 re|)laced unit G, 2 
3 ^ears ago and unit 6 re])|acerl unit 1 ('ither 3, 4 or 5 years ago. 

Unit, 4 has stayed 2 years at a. S1U\. This implies nnit 4 replaced unit 5, 
2 years ago and nnit. 5 rej)laced unit 2 eit her 4, 5 or G years ago. 

(onditioii 3 ensures t.hat each year a move from a llA t,o a VA occurs, 
a move from a SllA to a VA also occurs. 'Therefore, we need onlv considf'r 
unit 6 (5) i-eplacing unit 1 (2) either 4 or 5 years ago. 

4 hese conditions ])rovide the following rotat ion eligibilities: 

Unit 4 is eligible to move in years 0, I or 2 and Unit 1 is eligil)le to re|)lace 

nnit 4 in years 1 , 2 or 3 if unit, 1 was replacc'd 4 years ago, or in yc'ars (), 1 

or 2 if nnit 1 was replaced 5 years ago. 

Unit 3 is eligible to move in years -1, 0 or 1 and Unit, 2 is eligible to replace' 

unit 3 in years 1 , 2 or 3 if unit 2 was rej^laced 4 years ago, or in yeais 0, 1 

or 2 if nnit 2 was re|)laced 5 years ago. 

'Therefore, it, is feasible for both unit 3 and nnit 4 to rotate in yc'ar 1. 
CASE 3 

Unit, 3 has sta}^ed 3 years at a 11 A. This ini|:>lies unit 3 re))laced nnit 6, 3 
years ago and unit 6 rej)laced unit 1 eitJu'r 4, 5 or G years ago. 

Unit 4 has stayed 3 year at a SIIA. 'This im])lies unit 4 replaced nnit. 5, 
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3 years ago and iinil 5 re|)|arprl imil 2 eillier 5, (i or 7 years ago. 

Condition 3 ensures that oach V('ar a move from a HA to a I’A 
a move from a SIIy\ to a PA also o( < nrs. d’ln'K'foK'. wc n<'('d only ( ()iisid('r 
unit. G (5) replacing niiit. 1 (2) ('it Ikm' 3 or (i years ago. 

These conditions provide l,h(' following rotation eligil )ilit if's: 

Unit 4 is eligihh' to mov(' in years -1, 0 or I and Unit, 1 is ('ligil)h' to i('pla(<‘ 

unit 4 in j'ears 0, 1 or 2 if unit 1 was rc'placed 5 ycvirs ago, or in yc'ars -1,0 

or 1 if nnii 1 was leplaced (> yc'ars ago. 

Unit. 3 is eligil)le to move in years -2,-1 or 0 and Unit 2 is eligible to i("pla(e 

unit 3 in years 0, I or 2 if unit 2 was replaced 3 years ago, or in years -1. 0 

or 1 if unit 2 was replaced 0 years ago. 

1 herefore, it is feasible* for both unit 3 and unit 4 t.o lotate in year 0. □ 
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